The on lattice φ 4 model is a paradigmatic example of continuous real variables model undergoing a continuous symmetry braking phase transition (SBPT). In this paper we study the Z2-symmetric mean-field version without the quadratic term of the local potential. Obviously, the simplification is directly extensible to the other symmetry groups for which the model undergoes a SBPT. We show that the Z2-SBPT is not affected by the quadratic term, and that the potential energy landscape turns out greatly simplified. In particular, there exist only three critical points, to confront with an amount growing as e N (N is the number of degrees of freedom) of the model with non-vanishing quadratic term. In our opinion, this is an crucial feature because in recent years the study of the link between statistical mechanic and geometric-topological properties of configuration space has received an increasing attention. In this paper we study the equipotential hypersurfaces with the aim of deepening our understanding of the link between SBPTs and the truly essential geometrictopological properties of the energy potential landscape.
INTRODUCTION
This paper is part of a line of research attempting to clarify the relationship between phase transitions and the potential energy landscapes of Hamiltonian systems. In our viewpoint potential landscapes mean critical points, geometric properties, topology of suitable subsets of configuration space, e.g. equipotential hypersurfaces, etc. This kind of study often makes an intensive use of models undergoing phase transitions, among that there is the so called φ 4 model. This model has received an increasing attention from the researchers in the last years, and is a paradigmatic example of a model undergoing a continuous phase transition. In this paper we introduce a simplified versions of the φ 4 model that shows a reduced amount of critical points than the traditional version.
This fact has to do with the concept of 'topology trivialization', according to which some suitable subsets of configuration space become trivial from the topological viewpoint at varying a suitable parameter. The φ 4 model is a lattice version of a classical φ 4 field model. This can be studied in any spatial dimension, in scalar and vector versions. All these different versions are defined by the Hamiltonian
where the index α runs from 1 to n for an O(n) symmetry group, the index i labels the d-dimensional spatial lattice, (π i , φ i ) are the canonically conjugated variables, and i, j is the set of the nearest-neighbor lattice sites of the ith site. The set i, j can be defined in other ways, e.g. the set of all the variables within a certain range, or the whole lattice in the case of mean-field interactions. The model is known to undergoes an O(n)-symmetry breaking phase transition (SBPT hereafter). The existence of the SPBT can be proven by renormalizationgroup arguments [34] . For d = 2 and n = 2 by the Mermin-Wagner theorem the model cannot have any SBPT because of the combination of short-range interactions, continuous symmetry, and two spatial dimensions. Actually, it undergoes a Kosterlitz-Thouless phase transition without effect on the order parameter which remains always vanishing, even below the critical temperature.
In Ref. [3] the topology of the equipotential hypersurfaces interior of the mean-field φ 4 model of an O(1) symmetry (also called Z 2 ) has been solved by Morse theory. A huge amount of critical points increasing exponentially with N has been found out. In Ref. [14, 26] a similar study has been conducted on the nearest-neighbor-2d version. At small enough values of the coupling J there is no difference in the amount of critical points than the mean-field version, but by increasing J, leaving fixed N , their number rapidly drops to only three. In other words, the model shows a topology trivialization.
We have found the negative quadratic term of the local potential of the mean-field φ 4 model to be responsible of the rapid growth of the critical points amount. But, how can the presence of that term be justified in order to study the SBPT? Firstly, it derives from classical field theory, where it is the mass term of the associated classical field, and for this reason it is often labelled by µ 2 > 0.
Another reason to justify the presence of the negative quadratic term is the wish to simulate the classical spin of the Ising model. Indeed, for n = 1 the φ 4 model can be seen as a continuous-variables version of the classical Ising model whose classical spins, S i 's, can take only two values: generically ±1. In the φ 4 model the role of the two permitted values of the S i 's are played by the two global minima of the double-well local potential V l (φ) = λφ 4 − µφ 2 entailed by the negative quadratic term.
But there is a remarkable difference between the S i 's and the φ i 's: the former does not find any resistance at jumping between the two permitted values, while the latter finds such a resistance at jumping between the two global minima because of the presence of the gap. Hence, in our opinion, the double well introduces a complication which is not present in the classical Ising model, and furthermore it is not even necessary for entailing the SBPT. For these reasons, in the following we allow µ to be vanishing, or, in some particular conditions, less than zero.
In Sec. ?? we set µ to zero in the φ 4 model and we study the mean-field version with a Z 2 symmetry because it is the simplest case with both canonical thermodynamic and critical points of configuration space solvable in a semi-analytical way. In Sec. ?? we study the same model without interacting potential where no SBPT occurs in order to make a comparison.
MEAN-FIELD φ 4 MODEL WITH VANISHING QUADRATIC TERM IN THE LOCAL POTENTIAL
In what follows we disregard the kinetic terms π 2 i /2, i = 1, · · · , N , in the Hamiltonian of the model (1) because they yield a trivial contribution to the partition function which can be factorized, then we set the parameters λ = 2/N and µ = 0 and we extend the interaction to all pairs of coordinates, giving rise to the potential
(2)
Canonical thermodynamic
In Refs. [3, 15] the thermodynamic of the model (1 λ = 2/N , µ = 1 and mean-field interactions
has been solved by means of the mean-field theory. In this section we will follow the same way for the model (2). In Figs. 1, 2 the results for these two models are put in comparison. The configurational partition function is
where
is the local potential. The order parameter, i.e. the magnetization in our case, is
which, introduced in Z c , gives
To solve the canonical thermodynamic we will resort to the mean-field theory. The fact that mean-field interactions imply that the interacting potential is a function of the magnetization, allows us to analytically solve Z by the Hubbard-Stratonovich transformation [20] based on the equality
which, inserted in (7), yields
After introducing
and the variable changing y = N βJ 2 m, we get
is the configurational Helmholtz free energy per degree of freedom. Finally, in order to apply the saddle point approximation to calculate Z, we minimize f with respect to m at fixed T obtaining the spontaneous magnetization m (T ). From the latter we get the free energy, the average potential, and the specific heat
c
respectively. They are plotted in Fig. 1 at comparison with the results for the mean-field φ 4 model (3). The picture is the well known one of a second-order Z 2 -SBPT with classical critical exponents.
We cannot see any difference in the thermodynamic of the two models, apart from a quantitative point of view. We conclude that the negative quadratic term in the local potential has no part in causing the SBPT. This is not surprising because in [2] it was showed that for a mean-field model a double-well potential with a minimum gap between the well proportional to N is a sufficiency condition for entailing a SBPT. Both the models (2,3) have this feature independently of the presence of the quadratic term −φ 2 /2. Rather, as we will see in the following, the latter yields complication and confusion about the real connection between the topology of equipotential hypersurfaces of configuration space and the SBPT. The double-well potential is generated by the competition between the confining part given by the local potential and the deconfining part given by the interacting part for J > 0. The only essential condition to satisfy is the following
in order to make the total potential confining. For example, let us consider the square well
which is nothing but the limit of V loc = φ 2k for k → ∞ with k natural. By this choice, we get in the thermodynamic limit the configurational partition function of the mean-field Ising model, whose free energy is given by
from which, by setting to zero the derivative with respect to m, we get the spontaneous magnetization as the solutions of
The critical temperature is T c = J.
In [22] the large deviation theory was applied to find out the microcanonical entropy s(v, m) of the mean-field φ 4 model (3). This theory can be applied to the model (2) as well. We expect no qualitative difference in the properties of s(v, m), which is analytic and non-concave. The non-concavity is allowed by the long-range interactions and is strictly related ot the SBPT, while it is forbidden in the short-range case. Here, we limit to give the domain of s(v, m), whose contour is given by the potential evaluated on the straight line in configuration space passing by the origin of coordinates and orthogonal to the hyperplanes at constant m: v(m) = m 4 /4 − Jm 2 /2. It is plotted in Fig. 3 . Critical points and topology of configuration space ∇V = 0 for the potential (2) takes the form
The form of the system (20) implies that the components of the solution are all equal, so that it reduce to φ 3 i − Jφ i = 0, i = 1, · · · , N . Then, the solutions are φ s 0 = (0, · · · , 0), and φ s ± = ± √ J, · · · , ± √ J . In Morse theory the index of a critical point is defined as the number of negative eigenvalues of the Hessian matrix H, which for the potential (2) takes the form
Anyway, a necessary condition for a function to be properly considered a Morse function is that all its critical points are non-singular, i.e. such that the determinant of the V Hessian matrix calculated at the critical points is not vanishing. This is not true for our potential, anyway if the critical points are isolated, we can the same apply Morse theory by defining a 'pseudo-index' defined as the normal index, i.e. as the number of negative eigenvalues of the Hessian matrix. So that, for φ s 0 , H ij = −J/N , so that the index is 1 because the rank of H is 1 and the only non-zero eigenvalue is J/N . For φ s ± , H ij = 3Jδ ij − J/N , so that the index is 0 because all the eigenvalues are positive.
This mathematical anomaly can be fixed, without altering the topological structure of the v-level sets, by adding a positive quartic term to the quartic local potential. In this way V turns out to be a proper Morse function.
The 
where the Morse number µ k is the number of critical points of M v,N that have index k. For our model at v ∈ [−J 2 /4, 0), χ(v) = 2 because there are two critical points of index 0 below v, while at v ∈ (0, +∞), χ(v) = 1 because a critical point of index 1 is added at v = 0. We note that no particular behaviour is present in χ(v) at the critical potential v c because it is a constant.
MODEL WITHOUT INTERACTION
The canonical thermodynamic of the model without interaction is trivial because the system is nothing but a collection of N independent quartic oscillators, so that no phase transition can occur. The partition function is given by
from which we get the caloric curve v (T ) = T /4. The topology of the configuration space is even more trivial, indeed ∇V = 0 takes the simple form
whose unique solution is (0, · · · , 0). The index cannot be computed as for a good Morse function because the Hessian matrix vanishes at (0, · · · , 0). However, we can compute the 'pseudo-index', as defined in previous section, because the presence of the quartic terms allows us to consider the zero eigenvalues of the Hessian matrix as positive, hence the 'pseudo-index' is 0. From a topological point of view, the unique critical point corresponds to the attachment of a 0, N -handle at the 0-critical level, hence the topology of the configuration space is trivial at all with the M v,N 's homeomorphic to one N -ball for any v ∈ [0, +∞). The model cannot undergo any SBPT even at T = 0, because at that temperature the representative point is frozen at (0, · · · , 0) to which a vanishing spontaneous magnetization corresponds. For confront, in Fig. 6 we show the critical points of the φ 4 model (2) without interaction, i.e. a collection of N non-interacting quartic oscillators with no phase transition. The total huge amount of critical points is 3 N , that is entirely due to the presence of the negative quadratic term in the local potential.
CONCLUSIONS
The main purpose of this work has been to simplify at a maximum level the potential landscape of the φ 4 model. We have succeeded in the mean-filed case, but we have got only a partial result for the short-range versions that has not been presented in this paper. So, we wonder whether it is possible to define a potential landscape with a trivial topology in the sense of a double well with three critical points capable to simulate a short-range system.
